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• A temporal path is strict if its edges appear in strictly increasing 
order.
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The (𝒔, 𝒛, ℓ)-temporal separator problem

Input: temporal graph 𝐺, vertices 𝑠, 𝑧, integer ℓ.

Find: an (𝒔, 𝒛, ℓ)-temporal separator of minimum size.

The (𝒔, 𝒛, ℓ)-temporal cut problem

Input: temporal graph 𝐺, vertices 𝑠, 𝑧, integer ℓ.

Find: an (𝒔, 𝒛, ℓ)-temporal cut of minimum size.



Some past results:

• (𝑠, 𝑧)-temporal cut can be solved in poly time [Berman 1996]

• (𝑠, 𝑧)-temporal separator is NP-hard [Kempe et al. 2002] 

• More result on (𝑠, 𝑧)-temporal separator in [Zschoche et al. 2023]
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• (𝑠, 𝑧, ℓ)-temporal separator introduced in [Hovhannes et al. 2023]

• NP-hard even if ℓ = 1

• Admits a 𝜏2 approximation, where 𝜏 =max edge time in 𝐺

• No 𝑂(log(𝑛)) approx under standard assumptions

• In P if 𝐺 – {𝑠, 𝑧} is a tree or if 𝐺 has branchwidth 2

• OPEN PROBLEM: is (𝑠, 𝑧, ℓ)-temporal separator in P on graphs of 
constant pathwidth?
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• OPEN PROBLEM: is (𝑠, 𝑧, ℓ)-temporal separator in P on graphs of 
constant pathwidth?
• If yes, would settle complexity on a Discrete Segment Covering (DISC-SC) 

problem.
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Theorem: The (𝑠, 𝑧, ℓ)-temporal cut problem is APX-
hard, for all ℓ ≥ 2.  It admits a 𝑂(log ℓ)-approx.

- Contrasts with (𝑠, 𝑧)-temporal cut, which is in P.

Our results:
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Reminder: ℓ is the threshold of travel time.
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Multicolored Independent Set (MulIS)
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vertex per 𝑉𝑖?
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Multicolored Independent Set (MulIS)

Input: graph 𝐺𝐶 = 𝑉1 ∪ ⋯ ∪ 𝑉𝑘 , 𝐸𝐶

Question: is there an independent set with one vertex per 
𝑉𝑖?

Goal: from MulIS instance 𝐺𝐶, create temporal graph 𝐺 of 
pathwidth 4, such that 𝐺𝐶  has a MulIS iff 𝐺 has an 
(𝑠, 𝑧, 1)-separator of size |𝑉 𝐺𝐶 |  + |𝐸 𝐺𝐶 |.





For each color class 𝑉𝑖 and each 
𝑢 ∈ 𝑉𝑖, add vertices 𝑢+, 𝑢− and a 
path of travel time ℓ = 1 enforcing 
us to delete one of the two. 
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Deleting 𝑢− and keeping 𝑢+ means “I want 𝑢 in the MulIS”.



Add a path of travel time ℓ = 1 between the 𝑢−, enforcing the deletion of 
one (ignore 𝑝𝑖).  



Add a path of travel time ℓ = 1 between the 𝑢−, enforcing the deletion of 
one (ignore 𝑝𝑖).  



New vertex 𝑟: each chosen vertex 𝑢 has a path of travel time ℓ = 1 to this
𝑟, with its specific time 𝑡𝑢.  

Add an edge verification gadget.  Designed so that we must delete one 
vertex, but if 𝑢𝑣 ∈ 𝐸 and we chose both 𝑢, 𝑣 we must delete two.
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This graph has pathwidth 4 because we can:

- Create 𝑠, 𝑧, 𝑟 in memory and keep them there forever.

- Each 𝑉𝑖 gadget can be built with at most two more vertices in 
memory at any time.

- Same with edge gadgets. 
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Theorem: (𝑠, 𝑧, ℓ)-temporal separator is NP-hard on 
graphs of pathwidth 4, even when ℓ = 1.

It is, however, in P on graphs of pathwidth 3 or less, for 
any ℓ.



Lemma: If 𝐺 has pathwidth 3, then either it has an (𝑠, 𝑧, ℓ)-separator of size 
at most 3, or 𝑉(𝐺) can be partitioned into three sets {𝐴, 𝐵, 𝐶} such that:

- Any min (𝑠, 𝑧, ℓ)-separator has at most one vertex in 𝐴 and in 𝐶.

- 𝐵 induces a caterpillar, and only the ends have neighbors in 𝐴 or 𝐶.
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at most 3, or 𝑉(𝐺) can be partitioned into three sets {𝐴, 𝐵, 𝐶} such that:

- Any min (𝑠, 𝑧, ℓ)-separator has at most one vertex in 𝐴 and in 𝐶.

- 𝐵 induces a caterpillar, and only the ends have neighbors in 𝐴 or 𝐶.

Idea: try all 𝑂(𝑛3) sets of size at most 3.  If none is a separator, use the 
structure.  Guess the vertex in the separator from 𝐴 and from 𝐶, then handle 
the 𝐵 caterpillar in polytime.
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Theorem: (𝑠, 𝑧, ℓ)-temporal separator admits no 
2Ω(𝑙𝑜𝑔1−𝜖(𝑛))approx. unless NP⊆ZPP.

Reduction from Directed Multicut, which has that 
inapproximability.

Directed Multicut

Input: directed graph 𝐷 = 𝑉, 𝐴 , pairs of vertices 
(𝑠1, 𝑧1), … , (𝑠𝑘 , 𝑧𝑘).

Find: min number of arcs to delete to disconnect 
each 𝑠𝑖 from 𝑧𝑖.



Reduction from Directed Multicut.

Main differences with our problem: we delete vertices (not 
arcs), and we are undirected.

Idea from given 𝐷:

- Each 𝑣 has 𝑚 copies 𝑣1, … , 𝑣𝑚.  (𝑚 = |𝐸(𝐺)|)

- Each arc (𝑢, 𝑣) becomes a vertex 𝑥𝑢,𝑣.  Add edges 𝑢 𝑥𝑢,𝑣 and 
𝑥𝑢,𝑣 𝑣.

- Use time to enforce same direction as the arc.  



Theorem: The (𝑠, 𝑧, ℓ)-temporal cut problem is APX-
hard when ℓ ≥ 2.  It admits a 𝑂(log ℓ)-approx.
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Warm up: (𝑠, 𝑧, ℓ)-temporal cut is in P when ℓ = 1.  

Just compute a min-cut for each time separately.
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Theorem: The (𝑠, 𝑧, ℓ)-temporal cut problem is APX-
hard when ℓ ≥ 2.  It admits a 𝑂(log ℓ)-approx.

When ℓ = 2, reduction from Multiway Cut, which is 
APX-hard.

Multiway Cut

Input: graph 𝐺 = 𝑉, 𝐸 , vertices 𝑠1, … , 𝑠𝑘

Find: min number of edges to delete so that all 𝑠𝑖’s 
are disconnected from each other.
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Theorem: The (𝑠, 𝑧, ℓ)-temporal cut problem is APX-
hard.  It admits a 𝑂(log ℓ)-approx.



Open problems

• Is (𝑠, 𝑧, ℓ)-temporal separator in P on graphs of 
treewidth 3?
• pw=4 result implies hardness for tw≥4

• Is there an 𝑂(ℓ)-approx for (𝑠, 𝑧, ℓ)-temporal 
separator?

• Is there an 𝑂(1)-approx for (𝑠, 𝑧, ℓ)-temporal cut?

• Is the strict variant of (𝑠, 𝑧, ℓ)-temporal cut in P?
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