Vérification de formule FO sur graphes via la
parametrisation twin-width



Bonnet, Edouard, et al. "Twin-width I: tractable FO model
checking." FOCS 2020.

Theorem:

One can decide whether G E ¢ intime f(d, |¢]|) - n,
where d = twinwidth(G) and f is some computable

function.
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First order (FO) formulas on graphs
*a AV =
Vv - (...) Jv - (...)

* Universe = set of vertices of a given graph G
* Variables = individual vertices
* Only quantification on vertices (no subsets, relations, etc)

Adjacency predicate:

* adj(u, v) istrueisand only if uv € E(G), i.e., uv is an edge
* adj(u,u) always false, adj(u, v) © adj(v,u)

Also, equality predicatesu = vandu # v

G E ¢ if FO formula ¢ is true on G (G is a model for ¢)



Deciding if G & ¢ is PSPACE-complete

Time complexity of n2U®D possible. n = |V(G)|
|| = size of the formula = number of variables
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Deciding if G & ¢ is PSPACE-complete

Time complexity of n2U%D possible.
|| = size of the formula = number of variables

Too slow! Parameterized complexity would be better.

e.g., 21?In, or |¢|®In, or anything f(|¢|)n
Impossible under the Exponential Time Hypothesis.

Idea: take a structural parameter d of the graph.
Aim for f(d, |¢p]) - n.



Example: d = max degree of G.
N (v) = neighbors of v
maxdeg(G) = maxyey ) INW)|

k-Clique(G) #ireturns true if G has a clique of size k



Example: d = max degree of G.
N (v) = neighbors of v
maxdeg(G) = maxyey ) INW)|

k-Clique(G) #ireturns true if G has a clique of size k

forv e V(G)
forX € N(v) U {v}
if X is a cliqgue of size k
return true

return false



Theorem 1:

One can decide whether G E ¢ intime f(d, |¢]|) - n,

where d = maxdeg(G) and f is some computable
function.

Uses Gaifman normal form.



Theorem 2:

Any FO formula ¢ on graphs can be expressed as an
equivalent formula in Gaifman normal form:

¢ =3x{, X9, e, X (/\(distG(xi,xj) > Zr) A /\1/J(xl-)>
i<j i

where

 dist; (xl-,xj) = distance in G

* k,r depend only on ||

* Y(x;) only depends on vertices at distance at most r from
Xi

* On graphs of max degree d, only O(rd") such vertices.
* => 0(rd") TYPES of vertices, makes it easy.



Theorem 1:
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function.
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Theorems:
FO model checking can be done in time

f(d,1¢Dpoly(n) if :

* d = maximum degree
e d = tree-width

*d-= cquue-widtfk4

* d = poset-width SIE[BAS @

: - bounded twin-width
FO model checking can be donei }
f(¢Dpoly(n) on:
* planar graphs

* interval graphs

* permutation graphs

» other meta-classes (bounded expansion graphs,
proper minor-closed graphs, H minor-free
graphs, ...)



Theorem 3:

One can decide whether G E ¢ in time
f(d,|o]|) - n, where d = twinwidth(G) and
f is some computable function.



Let X, Y € V(G) be disjoint.
A link between X and Y is:

* black if every possible edge between X and Y is
present in G

* white if there is no edge between X and Y in G.
* red otherwise (disagreement between X and Y).



Vertex contractions
* Each vertex u is labeled by a subset (1) € V (G).
* Initially, each u € V(G) is labeled by [(u) = {u}.

e Contraction of two labeled vertices u and v:
1. Remove u and v from G.
2. Add a new vertex w with label [(w) = [(u) U (V).

3. Add alink of the appropriate color between w and every
other vertex, using labelsas X and Y.

* Red degree of a vertex = number of red links incident
to the vertex.



Twin-width
e Contraction sequence of ¢ = ordered list of
contractions that results in a single vertex.

* Red degree of a contraction sequence = maximum red
degree of a vertex encountered during the whole
sequence.

* tww(G) = minimum red degree among all contraction
sequences of (.



Has triangle:
axll X2, X3 (adj(xl) xZ) A adj(xll x3) A adj(xz, x3))

Warm-up: tww(G) = 0

ldea:during the contraction sequence, detect if some
[(v) contains a triangle at any point.

For each vertex v during the whole contraction sequence
Alv] = :1 if verticesin [(v)contain an edge

\rO otherwise

Blv] = - 1 if vertices in [(v)contain a triangle

0 otherwise




Has triangle:
ale X2, X3 (adj(xl) xZ) A adj(xll x3) A adj(xz, x3))

Alv] =0,B|v] =0forallv e V(G)
for each contraction of u and v in the sequence
Replace u, v withu + v
Update [(u + v) = [(u) U I[(v), update colors
if link(u,v) = black
Alu+v]=1
Blu + v] = Alu] v A[v]
else if link(u, v) = white
Alu + v] = Alu] v A[v]
Blu + v] = Blu] vV B[v]



Has triangle:
axll X2, X3 (adj(xl) xZ) A adj(xll x3) A adj(xz, x3))

Warm-up 2: tww(G) = 1

For each vertex v during the whole contraction sequence
Alv] = jl if vertices in [(v) contain an edge

0 otherwise

1 if vertices in I[(v) contain a triangle

0 otherwise

\e
Blv] = -




Has triangle:
axll X2, X3 (adj(xl) xZ) A adj(xll x3) A adj(xz, x3))

Warm-up 2: tww(G) = 1

For each vertex v during the whole contraction sequence
Alv] = jl if vertices in [(v) contain an edge

»fO otherwise

Blv] = - 1 if vertices in I[(v) contain a triangle

0 otherwise

For each u, v that have a red link:

Clu,v] = 1iff G has an edge ab with a,b € [(u), such
that a, b have a common neighbor in [(v)

Updates not too complicated to do.



Has triangle:
Hxl) X2,X3 (adj('xl) xZ) A adj('xl; x3) A adj(xz, XS))

Now for tww(G) > 1.
Need info on larger set of nodes connected by red edges.
For each vertex v during the whole contraction sequence

Alv] = ;1 if vertices in l(v) contain an edge
}O otherwise

Blv] = - 1if vertices in [(v) contain a triangle
| 0 otherwise

For each u, v that have a red link:

Clu,v] = 1iff G has an edge ab with a, b € l(u), such that a, b have a
common neighbor in [(v)

For each red triangle u, v,w

D|u,v,w] = 1 iff we can choose one vertex in each of [(u), [(v), [(W)
that all share an edge.



Has k-clique:

A%y, 2 - ( /\ adj (x;, %))

i<j

For each subgraph H of G that is connected by red edges of
diameter at most k

Foreach f : V(H) = {0,1, ..., k}

Z|H, f] = 1if G has a clique with f(h)vertices
ineachh e V(H)

Z not insanely hard to update.
Want: Z[H, f] = 1 such that f(h) = k forsome h € V(H).



Generalizationto G E ¢

For two subgraphs vertices G4, G,
TYPE(G,) = TYPE(G,) if VY - (G, EY & G, E V)
where 1 ranges over formulas of size at most ||
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For each contractionof u,vintou + v

For each subgraph H of G that is connected by red
edges of diameter at most k

Update TYPE (H)



Generalizationto G E ¢

For two subgraphs vertices G4, G,
TYPE(G,) =TYPE(G,)ifVY - (G EY & G, EY)

where 1) ranges over formulas of size at most ||

For each contractionof u,vintou + v

For each subgraph H of G that is connected by red
edges of diameter at most k

Update TYPE (H)
The number of encountered types is f (tww, |¢p|)
TYPE (H) more insanely hard to update (but possible).
Want: A single contracted vertex whose type satisfies ¢
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